SUMMARY This paper proposes per-tone equalization methods for single carrier block transmission with cyclic prefix (SC-CP) systems. Minimum mean-square-error (MMSE) based optimum weights of the per-tone equalizers are derived for SISO (single-input single-output), SIMO (single-input multipleoutput), and MIMO (multiple-input multiple-output) SC-CP systems. Unlike conventional frequency domain equalization methods, where discrete Fourier transform (DFT) is employed, the per-tone equalizers utilize sliding DFT, which makes it possible to achieve good performance even when the length of the guard interval is shorter than the channel order.
Introduction
Cyclic prefix based block transmission schemes, such as orthogonal frequency division multiplexing (OFDM) [1] , [2] , discrete multitone (DMT) [3] , and single carrier block transmission with cyclic prefix (SC-CP) [4] , [5] , have been drawing much attention as promising candidates for broadband communications systems. The insertion of the cyclic prefix as a guard interval at the transmitter and the removal of the cyclic prefix at the receiver eliminates inter-block interference (IBI) due to multipath fading. Moreover, the insertion and the removal of the cyclic prefix converts the effect of the channel from a linear convolution into a circular convolution, therefore, the inter-symbol interference (ISI) of the received signal can be equalized by a simple frequency domain equalizer (FDE) using fast Fourier transform (FFT). However, the existence of delayed signals beyond the guard interval causes residual ISI and IBI after the FDE, and hence deteriorates the performance of the block transmission with the cyclic prefix. In order to overcome the performance degradation of the OFDM or the DMT systems due to the insufficient guard interval, a considerable number of studies have been made on the issue, such as introduction of a temporal equalizer [6] - [8] , and per-tone equalization [9] , [10] . Although the temporal equalizer can mitigate the IBI and the ISI due to the delayed signals, the per-tone equalizer outperforms the temporal equalizer. This is because the per-tone equalizer can use optimum weights at each tone, while a common set of weights have to be used for all the tone in the temporal equalization approach. Furthermore, the per-tone equalizer can be efficiently implemented by using sliding discrete Fourier transform (DFT) [11] .
In this paper, we propose per-tone equalization methods for SISO (single-input single-output), SIMO (single-input multiple-output) and MIMO (multipleinput multiple-output) SC-CP systems and derive minimum mean-square-error (MMSE) based optimum weights of the per-tone equalizers. The proposed methods can be regarded as extensions of [9] and [10] into the SC-CP systems, however, we present more simplified and intuitive descriptions of the per-tone equalizers, using unified data modeling for the SISO, SIMO and MIMO SC-CP systems. Also, computer simulations are conducted in order to evaluate the bit error rate (BER) performance of the proposed per-tone equalizers with the insufficient guard interval.
The paper is organized as follows. Section 2 illustrates configurations and data modeling methods of the SISO, SIMO and MIMO SC-CP systems with the proposed per-tone equalizers. The MMSE optimum equalizer weights are also presented in Section 2. The BER performances of the proposed SC-CP systems are evaluated via Computer simulations in Section 3, and finally, we conclude the paper in Section 4.
Proposed Per-Tone Equalization Scheme
The following notations are used for describing the proposed systems. K is the length of the guard interval, N the FFT size, T the number of equalizer taps at each tone, and L is the channel order. An N × N identity matrix will be denoted as I N , a zero matrix of size K × N will be denoted as 0 K×N , and a DFT matrix of size N × N , whose (i, j) element is 
T . Since we consider the case where K < L in this paper, the received signal block y (k) siso , which corresponds to the kth transmitted information signal block x (k) , includes not only
or x (k+1) , due to the IBI caused by the insufficient guard interval. Therefore, we define a transmitted signal vector including three consecutive information signal blocks as
Note that x (k)T stands for the transposed of the kth transmitted signal vector of x (k) . Also, since the cyclic prefix insertion operation can be denoted as
the cyclic prefix insertion for the three consecutive information signal blocks x can be written by a block diagonal matrix
The received signal vector y
where n siso is a zero mean white noise vector of covariance matrix σ 2 n I N +T −1 and H siso is a channel matrix including the effect of the cyclic prefix insertion defined by
Here, {h 0 , . . . , h L } denotes a channel impulse response, and 0 (1) and 0 (2) denotes zero matrices, which have N +T −1 rows. The number of columns of 0 (1) and 0 (2) determines the zero reference delay and are determined so that the energy of
siso is maximized. In cyclic prefix based systems, the DFT is commonly utilized for the frequency domain equalization. On the other hand, the sliding DFT plays a crucial role in the per-tone equalization scheme. The sliding DFT algorithm performs N-point DFTs with shifting the sliding window as shown in Fig.3 . Since the received signal vector y i,siso , which is composed by a sliding DFT output corresponding to the ith tone, can be written as
where F i denotes the sliding DFT operation on the ith tone. Using
Note that, we utilize the matrix F i for the sliding DFT operation throughout the paper in order to denote the per-tone equalizer output in a simple form, however, the sliding DFT can be realized much more efficiently by using the circular shift property of the DFT [11] .
The per-tone equalizer output signalx
siso is given byx
where w i,siso is a T × 1 per-tone equalizer weight vector at the ith tone. The optimum weight w opt i,siso in the MMSE sense is obtained by solving the following minimization problem.
Assuming that the transmitted signals and the channel noise are independent of each other and the covariance matrix of the transmitted signal vector x is E[xx H ] = I 3N , the cost function J siso can be calculated as
where f i is the ith row vector of the DFT matrix F and y 0,siso
The differentiation of J siso with respect to the pertone equalizer weight at the ith tone w H i,siso is given by
therefore, the optimum equalizer weight of the ith tone is obtained as
Note that in the case of T = 1 and L ≤ K, the proposed weight of the SISO equalizer perfectly coincides with that of the conventional MMSE based one-tap frequency domain equalizer (FDE) [5] (see Appendix A). Therefore, the proposed equalizer includes the conventional equalizer as a special case. T . The received signal vector
simo can be written as
where n simo is the channel noise vector of size (N +T − 1)N r × 1 and H simo is the channel matrix defined by 
} denotes a channel impulse response between the transmission antenna and the jth reception antenna. 0 (3) and 0 (4) denotes zero matrices, which have (N + T − 1)N r rows, and the number of columns of the matrices are determined in the same manner as the per-tone equalizer for the SISO SC-CP system.
In the SIMO SC-CP system, the sliding DFT is performed at each reception antenna, therefore, the corresponding matrix, which stands for all the sliding DFT operation in the receiver, is defined as
where F i is the same as the matrix defined in (7) . Also, the per-tone equalizer weight vector for the ith tone w i,simo has the size of N r T × 1. The per-tone equalizer output vectorx
simo is given byx
Note that the SIMO per-tone equalizer output has the same expression as the SISO SC-CP system. By solving a minimization problem of
the optimum weight of the ith tone w opt i,simo in the MMSE sense is obtained as
.. 
MIMO (Multiple-Input Multiple-Output) SC-CP System
Here, we consider a MIMO SC-CP system with N t transmit antennas and N r reception antennas. Figs.6 and 7 show a configuration of the MIMO SC-CP system with the proposed per-tone equalizer and the schematic diagram of the MIMO system, respectively.
T , are simultaneously transmitted from the transmission antennas, therefore, the MIMO receiver has to not only equalize the received signal distorted by the multipath channel but also cancel the co-channel interference. Note that the transmission rate of the MIMO system is N t times that of the SISO or the SIMO systems.
Let x l denote a transmitted signal vector from the lth transmission antenna including the three consecutive signal blocks as
Denoting the received signal at the jth reception antenna y mimo can be written as
where n mimo is a channel noise vector of size (N + T − 1)N r × 1, and H l mimo is a channel matrix between the lth transmission antenna and the receiver defined as
L } denotes a channel impulse response between the lth transmission antenna and the jth reception antenna. 0 (5) and 0 (6) denotes zero matrices, which have (N + T − 1)N r rows, and the number of columns of the matrices are determined in the same manner as the SISO or SIMO SC-CP systems.
In order to recover the N t transmitted signal blocks, the MIMO per-tone equalizer has N t outputs for the received signal vector y (k) mimo . The equalizer output, which corresponds to the lth transmission antenna, x (k,l) mimo is given bŷ
where
is an equalizer weight vector of the ith tone for the transmitted signal from the lth transmission antenna.
By solving the minimization problem of
the optimum weight of the ith tone for the transmitted signal from the lth transmission antenna w l,opt i,mimo in the MMSE sense is obtained as
Computer Simulation
In order to evaluate the BER performance of the proposed per-tone equalization methods, computer simulations have been conducted. The equalizer weights of the SISO, SIMO, and MIMO SC-CP systems are calculated using (13), (19), and (24), respectively. System parameters used in the simulations are listed in Table 1 . QPSK scheme with coherent detection is employed for the modulation/demodulation scheme. The information block size N and the length of the guard interval K are set to be 64 and 16, respectively. In the simulations, the number of taps at each tone T is changed from 1 to 5. Moreover, we have employed a 9-path frequency selective Rayleigh fading channel with the channel order of L = 20. This means that the guard interval K is insufficient by 4 symbols length.
To be more precise, we have obtained the BER performances by averaging the BERs evaluated by using 10,000 realizations of channel impulse response. The channel responses are generated as follows. Fixing the number of the paths to be 9, the temporal position of each path is randomly determined by following uniform distribution of [0:20] symbols delay. The amplitude and the phase of each path are also randomly determined by following Rayleigh distribution and uniform distribution of [0:360) deg respectively. Therefore, since K = 16, the average power of the delayed signals beyond the guard interval is 20 % of all the received signal power. Furthermore, the channel response is assumed to be known to the receiver. Fig.8 shows the BER performance versus the ratio of the energy per bit to the noise power density (E b /N 0 ) of the SISO SC-CP system with the proposed per-tone equalizer for the different number of taps per tone(T = 1 − 5). Note that the per-tone equalizer with T = 1 corresponds to the conventional one-tap FDE. From the figure, we can see that the proposed per-tone equalizer with T ≥ 2 can significantly improve the BER performance. The BER performance of the proposed equalizer is improved as the number of taps per-tone T increases, however, the improvement is saturated at T = 4. This is because the channel model used in the simulation includes up to 4 symbols delay beyond the GI and the proposed equalizer with the number of taps more than or equal to 4 can take into consideration all the source of the interference due to the insufficient GI. Also, this means that the number of taps of the pertone equalizer could be determined to be L − K. The power of the delayed signal beyond the guard interval critically affects the performance gain of the proposed system from the performance of the conventional equalizer. This is because the BER performance of the proposed equalizer coincides with that of the conventional MMSE based one-tap FDE if the length of the guard interval is sufficient and the performance gain of the proposed methods in the case of insufficient guard interval largely depends on the performance degradation of the conventional equalizer due to the delayed signals beyond the guard interval. Therefore, if the power of the delayed signals beyond guard interval is large, we can expect large performance gain by the proposed equalizer, and vice versa. Fig. 8 , we can see that the adaptive antenna array can improve the performance. This is because the adaptive antenna array can remove the delayed signals beyond the guard interval by forming nulls toward the delayed signals. However, the proposed pertone equalizer with T ≥ 2 can further improve the BER performance by utilizing the power of the delayed signals not only within the guard interval but also beyond the guard interval. Fig.10 shows the BER performance versus the E b /N 0 per reception antenna element of the MIMO SC-CP system with the proposed per-tone equalizer for the difference number of taps per tone(T = 1 − 5). The number of the transmission antenna N t and the reception antenna N r are set to be 2 and 2 respectively, therefore, the transmission rate of the MIMO system is twice as that of the SISO or SIMO systems. When T = 1, the proposed system is the same as the MIMO system proposed in [12] . We can see that the proposed scheme with T ≥ 2 outperforms the conventional MIMO SC-CP system.
From all the results, it can be concluded that the proposed per-tone equalization schemes can significantly improve the BER performance of the SISO, SIMO, and MIMO SC-CP systems with insufficient guard interval and the number of taps per tone T can be selected to be L − K.
Conclusion
We have proposed per-tone equalization methods for the SC-CP systems with the insufficient guard interval. MMSE based optimum weights of the per-tone equalizers are derived for the SISO, SIMO, and MIMO SC-CP systems. With the data modeling methods used in this paper, unified treatment of the per-tone equalizers for the SC-CP systems is possible. Moreover, computer simulations are conducted in order to evaluate the BER performance of the proposed systems with the insufficient guard interval. From all the results, it can be concluded that the proposed scheme can significantly improve the BER performance of the SISO, SIMO, and MIMO SC-CP systems with the insufficient guard interval.
In this paper, we have assumed that the channel state information is known to the receiver. In practical situations, however, channel and noise variance estimation is required to determine the equalizer weights. Although we have already proposed a channel estimation method for the SC-CP system with insufficient guard interval [13] , the optimum design of pilot signal for the channel estimation or the noise variance estimation method will be our future work. 
